MathLinks an Art of Problem Solving
College Playground Articles

The second term in asymptotic expansion
by Moubinool OMARJEE , Paris.

We will denote A.E. for asymptotic expansion

Application 1:

x(>=1,xn+1=xn+x—1n

All the terms are strictly positives , the sequence (x,) IS increasing
Suppose it bounded then it will converge toL >0, withL =L+ +
contradiction.

N—>+00
X2, — X3 = 2+i2 - 2when n - +o
X
With Cesaro theorem
1 n-1
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T Z(Xm -X{) » 2whenn - +w
k=0
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Xl’l~\’ 2n
2 2 _ 11
X1 —Xp—2 = —5~3=
n+1 n X% 2n

Now we use equivalent of partial sum for divergent series with
constant sign.
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X2 =2n+ L In(n) + o(In(n))

X = ‘/2n+lln(n)+o(|n(n)) = 720 (1+ iy + o 1Y )
Xn = «/2_(1+ % 21 In(n)+o(|nr(1n) ))

In(n)
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The second term in asymptotic expansion is % In(n)

Application 2 Let Xo = 1, Xn1 = SIN(Xn)

All terms of (x,) are strictly positive , decreasing then the limit
of (xn) existL >0 and L = sin(L) so the limit isL =20

Let's find a real a such that

X3, — X3 > k#+ Owhenn - +o
(1) XA — XA = (sin(xn))®* — X4

a
x3
X1 — XA = (Xn -5t O(Xﬁ)) - Xa

o=t =i (1- 28 +ood) -1)

2
X3, — X3 = xﬁ(l - ax—6n +0(x3) — 1)

X2+a
Xhi1 = Xp = —a=F— + 0(X5"%)
Let's take a = -2 then
} -1 =l+o(1)—> 1 whenn - +oo
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With the Cesaro theorem
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Now we take one more term in asymptotic expansion in (1)
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witha = -2

with (2)

Now we use equivalent

constant sign.
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the second term in AE. is —22 10
nz

Application 3 Xp € R+, Xpi1 = X + €75

All terms of (xn) are strictly positive , increasing if (xn) is bounded
then it will converge toL = L+ e contradiction.

l[imx, = +o0
Here it is not possible to find a real a such that

X2, —-x3 > k+0whenn - +ow

You should ask why ? | will explain to you

X3, —X& = (Xp+e7)%-xa
a gXn \2
Xn ( (1 + Xn ) B 1)
_ gxn g*n
X5,1— X4 = xﬁ(1+ax—n +o< X ) - 1)

(1) X3 — X3 = axile™ + o(xgle™)

a a
Xn+l — Xn

For any real a

limx&1le™ = 0 since limx, = +o©
N—>-+o0 M-+

We have to find a function F such that

F(Xn1) — F(Xn) » k= Owhen n > +w
with F invertible around + o
At this stage | can give you the function F, but | prefer to

explain the general idea to find F.

Consider the differential equation associate to Xp.1 = Xp + €7



that isy = eV this givesy'e = 1 integrate it around +w you get
e¥®~x now we have the function F(t) = e' wich will gives us the key
F(Xni1) — F(Xn) = €1 — g¥n

eXn+1 _ eXn — eXn‘HT><n _ eXn
(1) e —en = en(e®™ - 1)

g — e = e (l+e+o(e™)-1)
gmi—e =1+0(1) > 1 whenn - 4o
With Cesaro theorem
n-1
% Z(exk+1 —e%) > 1 whenn - 4w
k=0

e*~n then x,~In(n)
Taking one more term in (1)

Xnil _ @Xn — n —Xn l —2Xn —2Xn) __
el — @ ex(1+e +2e + o(e ) 1)
gm — e =1+ %e‘XH +o0(e™)
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gl — e 12n

Again with we use equivalent of partial sum for divergent series with
constant sign.

n

n
Xo1 _ ek —1)~L § 1 1
kzz;(ekl &%~ 1)~ = In(n)

k=1

em1 — g1 — n~% In(n)
eml = n+ % In(n) + o(In(n))
Xn = In<n+ % In(n) + o(ln(n)))
Xn = In(n) +In(1+ lnz(:) +o( Ingn) ))

Xn = In(n) + Ir12(:) +o( Inr(1n) )

In(n)

o beautiful .

The second term in A.Eis




This exercice was given at Oral Examination Ecole Polytechnique, France.

Exercice 1: Try to find the third term in the three applications above.

1
¥

Find an equivalent of (x,) and the second, the third term in asymptotic
expansion of (Xp).

This sequence was use in Putnam 2006 B6 (U.S.A) it was asked find
XI,S,+1

Exercice 2: k> 1 integer, Xo > 0 , Xps1 = Xn +

Exercice 3: Xo = 2, Xns1 = Xn + IN(Xy) Find an equivalent of (x,) and the
second , third term in asymptotic expansion.
This one was Oral Examination 2010 Ecole Centrale , Paris France.

Exerciced: ap(x) = X € [0;7] , an1(X) = Sin(an(x)) . Prove that there exist
a function p(x) such that we have the asymptotic expansion uniformly
in X € [a;mr—a] where O<a< %

1 n . Inn +go(x)+i|n(n) +O(In(n)>

2x) 3 b 25 N n

Study the continuity of ¢ on ]O;z[ . Study the monotony , the
convexity of ¢ on ]0; %] . Study the function g(sinx) — ¢(x).

This one was from Training for Agrégation of Mathematics.



